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All of the content in the AS/A level Mathematics qualification is
compulsory and is the same for all examination boards.

Pure Mathematics Mechanics
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Methods and techniques which underpin the study of all other areas of
mathematics, such as, proof, algebra, trigonometry, calculus, and vectors

The points A and B have coordinates
(4,-2) and (10,6) respectively.

Find the equation of the circle that
has AB as a diameter.
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Reaching conclusions from data and calculating the likelihood
of an event occurring.

What is the probability of two ‘100 year
floods’ happening within the space of 5
years?

What assumptions have you made?

“The majority of private sector organisations believe the use of data analytics
will be the most important factor in increasing growth in UK businesses”

T

Professor Sir Adrian Smith



FURZE
PLATY

The modelling of the world around us, the motion of objects
and the forces acting on them.

A golfer drives their ball from a tee on
horizontal ground so that it has an
initial velocity of 50ms™" at an angle of
40 degrees above the horizontal.

How far down the fairway will the ball
land?
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/ AS/A level Mathematics
= Atleast grade 6 in GCSE Maths.
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* Lesson 1 — Binomial Expansion (Pure)

e Lesson 2 — Binomial Distribution (Statistics)
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BINOMIAL EXPANSION
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a) Expand (a + b)°
b) Expand (a + b)?
c) Expand (a + b)?
d) Expand (a + b)?
e) Expand (a + b)*

| What do you notice about: |

The coefficients: ?
The powers of a and b: 3




o
;gg;\;‘?g Pascal’s Triangle

In Pascal’s Triangle, each term is
the sum of the two terms above.

The mathematical secrets of Pascal's Triangle



https://youtu.be/XMriWTvPXHI
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Video

This video covers:
* using Pascal’s triangle to multiply out expressions of
the form (a + b)", where n is a positive integer

Example

(i) Expand (p +gq)°
(i) Expand (x +2)¢
(iii) Expand (2x —3y)*


https://my.integralmaths.org/mod/page/view.php?id=63762

5‘35%\5?% Your turn...

Write out the following binomial expansions.
i) (x+1)° i)  (x-2)
(iii) (2x +1)°* (iv)  (Bx-2y)
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1.

Answers

Pascal’s triangle: 1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 b 1

(i) (x+1° =x°+6x" +15x" +20x° +15x° +6x +1

(i) (=20 =x° +5x* (-2)' +10x3(—2)% +10x3(~2) +5x(-2)" +(-2)°
=x" +5x' x-2+10x°* x4 +10x* x -8 +5xx16-32
=x° —10x* +40x° —80x" +80x -32

(i) (@x +1* =(2x)" + 4(2x)* +6(2x)* + 4(2x) +1
=16x" +4x8Bx> +6x4x* +8x +1
—16x" +32x° +24x" +8x +1

(V) Bx—-2y) =(3x) +303x)"(-2y) +33x)(-2y)" +(-2y)’
=27x* +3x9x* x -2y +3x3xx 4y -8y’
=27x° =54x°y +36xy” - 8y°



.E‘L’E%\f?g Combinations

Video

This video covers:
* calculating combinations
* using the formula for binomial coefficients


https://my.integralmaths.org/mod/page/view.php?id=63762
https://my.integralmaths.org/mod/page/view.php?id=63763
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SMCr = (n) __nt

T ri(n—-r)!

said “n choose r”, is the number of ways of ‘choosing’ r things from n, such
that the order in our selection does not matter.
These are also known as binomial coefficients.

For example, if you choose a football team captain and need to choose

4 people from amongst 10 in your class, there are (140) = 41'—(6)!' =210

possible selections.

(Note: the (140

Use the nCr button on your calculator (your calculator input should
display “10C4")

) notation is preferable to 1°C,)
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Without using a calculator, evaluate the following binomial coefficients.
(1) G, () oG
(1), C, (iv) 20Cis
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=8x7=56

(i C _3}{?}{,6/

’ 3_1:{2:{1

2
(i) 9c5=9c4=9"g "7“5=9x2x7=126

1}(,2/}-::;3(}(/(

5
C _,‘léx'l'lx}{f x9=11x9x5=495

(i) ,,C, =
1:{1}:3:{}(

10
) Com.C, =20 19 16,19 190

’ 1}(2
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N is the set of natural numbers, i.e. positive integers. This formula is only valid for
J positive integers n. In Year 2 you will see how to deal with fractional/negative n.

# The binomial expansion, whenn € N:

(a+b)"=a"+ (n) a™ b + (n) a™ *b? + -+ (Z) a™ " b" + -+ b7

1 2

I Find the first 4 terms in the expansion of (3x + 1)°, in ascending powers of x. I

10 110 This is exactly the same
Bx+ 11 = (o) (11%) et s o, ot
+ ( 1 )(:_9) (Sx) 1 the Binomial coefficients
10 18 2 ourselves rather thz.an read
+ ( 7 ) (‘_ ) (3x) them off Pascal’s Triangle.
+()(17) (3x)3 + -

1+ 30x + 405x% + 3240x3 + -



Getting a single term in the
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In the expansion of (a + b)™ the general term is given by (r) a*"b"
Expression Power of x in term Term in expansion
wanted.
(a + x)'° 3
(2x —1)7° 50
(3 —x)*? 7

(3x + 4)1° 3




E‘L’E%\%‘?g Your turn...

Find
(i) the coefficient of x° in the expansion of (1+3x)"
(i1) the coefficient of x° in the expansion of (1—2x)’

(iii)the coefficient of x'' in the expansion of (2+ x)"
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(i) Termin x*=,C,(3x)’ =120x27x> =3240x°
Coefficient of x° is 3240.

(i) Termin x> = _C,(-2x)° =126 x-32x> =-4032x°
Coefficient of x° is -4032.

(i) Termin x¥=__C.x2'x""=1365x16x"" =21840x"

1511

Coefficient of x'' is 21840.
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The coefficient of x* in the expansion of (1 + gx)° is 3360.
Find the possible value(s) of the constant g.

Term is:

Therefore:
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In the expansion of (1 + ax)'°, where a is a non-zero constant
the coefficient of x3 is double the coefficient of x2. Find the

value of a.
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BINOMIAL DISTRIBUTION


https://www.youtube.com/watch?v=_sY3ZRxhBaM
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A spinner is spun 5 times. Complete this table of
probabilities for the random variable X, the
number of times red appears.

X 0 1 2 3 4 5
P(X =x) 0.07776 0.2592 0.3456 0.2304 0.0768 0.01024

4
P(X=1)=P(RRRRR) or P(RRRRR) or P(RRRRR) or P(RRRRR) or P(RRRRR) = (E) <§>

P(X=2)=P(RRRRR) or P(RRRRR) or P(RRRRR) or P(RRRRR) or P(RRRRR) or ... =

P(X =3)=10 (§)3 (5)2 P(X=4)=5 (§)4 (5) P(X=5) = (E)S 0 ©2®

5 5
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*1,5,10, 5, 1 are the numbers in the 6" row of
Pascal’s triangle.

* The number of ways of choosing r reds from 5 spins

is: 5Cr
Link ny__ n
(") i -r)
On your calculator check 6C2 = 15: e e e T s
or "C.. It represents the number
Casio fx-85GT/CLASSWIZZ: of ways of selecting r successful
6 SHIFT+ 2 = outcomes from n trials.

Casio fx-CG50:
In menu 1, OPTN F6(more options) F3(Probability) F3(nCr)
Use arrow keys to input 6 in front and 2 after then EXE
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Our random variable, X, the number of reds in 5
spins, can be modelled as a binomial

distri
. t
o t

oution.  X~B(n,p) if:

nere are a fixed number of trials, n,

nere are two possible outcomes: ‘success’ and

‘failure’,

* there is a fixed probability of success, p

* the trials are independent of each other

If X~B(n,p) then:

PX =1 =(;)pra—pn



The Binomial Distribution

Video


https://my.integralmaths.org/mod/page/view.php?id=74758
https://my.integralmaths.org/mod/page/view.php?id=74757

;tﬂﬁ;\;‘g Further Examples

The random variable X~B (12,%). Find:
a) P(X=2)
b) P(X=9)
c) PX<1)




5‘35%\5?% Your turn...

X ~ B(8, 0.6). Find the following probabilities:
(1) P(X=0)

(1) P(X=3)

(111) P(X = 6)
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X ~ B(8, 0.6)
(i) P =0)=(0.4)°=0.000655 (3 s.f.)

8x7x6
Tx2x%x3

(i) PX =3)=,C,(0.6)(04) = (0.6)°(0.4) =0.124 (3 s.f)

8x7
1x 2

(i) PX =6) =,C.(0.6)°(04) ==L (0.6)°(0.47 =0.209 (3 sf)
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Often we wish to find the probability of a range of values.

For a Binomial distribution, this was relatively easy if the range was narrow, e.g.
P(X<1)=PX =0)+ P(X = 1), but would be much more computationally
expensive if we wanted say P(X < 6).

If X~B(10,0.3), find P(X < 6).

How to calculate on your fx-CG50: Using tables

Press Menu then ‘Statistics’ Look up n = 10 and the column p = 0.3.
Choose Distribution, Binomial, Bcd Then look up therow x = 6.
Choose “‘Variable'. The value should be 0.9894.
Lower =0
Upper =6 Important Note: The tables only
N =10 have limited values of p. You may
p=203 have to use your calculator.
Pressing ‘EXE’ gives the desired value. You will need to use your

calculator in the exam anyway.
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Appendix Appendix

Bi ial lative distribution functi p= | 003 010 (15 020 025 03 035 040 0.45 050

W 12,5 -0 05404 02824 01422 0.0687 00317 00138 00057 00022 0.0008 0.0002
08816 0.6590 04435 02749 01584 00850 00424 00196 00083 0.0032
09804 08891 07358 05583 03907 0.2528 01513 00834  0.0421  0,0193
09978 09744 09078 0.7946 0.6488 04925 03467 02253 01345 0.0730
09998 09957 09761 09274 08424 0.7237 0.5833 04382 03044 0,1938
10000 09995 09954 09806 09436 08822 07873 0.6652 0.5269 0.3872
10000 09999 09993 09961 09857 09614 09154 08418 07393 0.6126
LOOOO L0000 Q9999 09994 09972 09905 09745 09427 (L8883 0,8062
10000 10000 LO0OO 0.9999 09996 0.9983 09944 09847 09644 0.9270

The tabulated value is P{X = x), where X has a binomial mn with index » and parameter p.

r= | 005 010 0.15 0.20 0.25
m=5 =0 07736 0505 04437 03277 0237

0.40 045 .50
QU778 0503 00312

1| 09774 09185 08352 07373 06328
2| 00988 09914 (L9734 09421 0965 06826 (L5031 05000
310000 09995 0.9978 09933 09844 09130 08688 O0.8125
4 L0000 10000 09999 09997 09990 09976 09947 09898 09815 09658

n=6x=0|07350 05314 03771 02621 01780 01176 00754 0.M67 00277 00156

0.3370  0.2562 01875

AT b Lt =

o

109672 08857 07765 06554 0.5139 04202 03191 02333 01636 01094 9 L0000 10000 LOODG  LODBO L0000 OU999% 09992 09972 09921 09807
2 09978 09842 09527 09011 08306 07443 00471 05443 04415 03438 10| o000 LO0OD  LOOO0  LODOD  LODDD  LOO0O 0,999 09997 0.9989 0.9968
309999 09987 09941 09330 009624 09295 08826 08208 0.7447 0.6563 T L0000 10000 LOGOG  LO00O 10000 LOONG L0000 10000 09999  0,999%
410000 09999 09996 0998 09954 09891 09777 09500 09308 O.8H6 — = —

5 L0000 LOODD 10000 09999 09998 09993 (9982 0.9959 09917 0.9844 n=13,x=0| 04633 02059 00874 00352 0013 00047 00016 00005 0.000T  0,0000
! 108200 0590 03186 01671 00802 0.0353 00142 00052 0.0017 00005

=7,x=0]0. . . . . X 1 007

o=l | (BEIR (R Wiy Wkl OHERY WO (D 0GR W0IE (LI 2| 09638 0F1S9 06042 03980 02361 01268 00617 00271 0.0107 0.0037
109556 08503 07166 0.5767 04449 0329 02338 01586 01024 0.0625 3| 00945 09444 08227 06482 04613 0.2969 01727 00905 00424 00176
2| 09962 09743 09262 08520 07564 06471 05323 0419 03164 0.2266 4| 09994 09873 09383 08358 0.6865 05155 03519 02173 01204 0.0392
309998 09973 09879 00667 09204 D870 0B 07102 06083 05000 5| 09906 00978 00832 09389 08516 09216 0.5643 04032 02608 01509

X 9951 01! 9712 9037 0. 73
: :':ﬁ ?gzzﬁ g:ig ggf’;}n Erﬁg; [E:g;éj ﬂgm Ez‘;]; gg’;z; 33;7: 6 10000 09997 09964 09819 09434 08689 07548 0.60908 04522 0.3036
. : i i : - ; : : T/ 1L0000 10000 0.9994 09958 09827 09500 08868 07869 0.6535  0.5000
610000 10000 10000 10000 09999 09995 09994 09984 09963 0.9922 8| L0000 LO0OD 00999 09992 00935 (00848 09578 00050 08182  0.6064

W By -0 06634 04305 02725 01678 01001 00576 00319 00168 00084 0.0039 00 L0000 10000 LOODO 08999 09992 0.9963 09876 09662 09231 0.8491
109438 08131 06572 05033 03671 02553 01691 01064 00632 0.0352 10/ 1.0000 10000 L.0OOC LOOOO 0999 0.9993 09971 09907 0.9745 0.3408
209942 09619 08948 07969 06785 05518 04278 03154 02200 0.1445 1] L0000 10000 LOGOG L0000 10000 0.9999 09995 0.9981 0.9937 0.9824
309996 09950 09786 09437 08862 08059 07064 0.5941 04770 0.3633 12 L0000 LODOD LOGI L0000 LOODO 10000 09999 09997 0.9989  0.9963
4 L0000 09996 09971 09896 09727 09420 08930 08263 07396 0.6367 13| L0000 10000 LOOOG  LODOG L0000 L0000 L0000 10000 0.9999  0,9995
510000 10000 09998 09988 09958 09887 09747 09502 09115 0.8555 14] 10000 10000 LOOOG 10000 10000 10000 10000 10000 10000 10000

6 L00 L0000 10000 0.999% 09906 09087 0094 09915 09819 0.0642 =20 x=0| 03585 01216 00388 00115 00032 00008 00002 00000 0.0000 00000

710000 10000 1.0000 LODDD LOOOO 09999 09998 09993 09983 0.9961 1| 07358 03917 00756 00692 00243 00076 0.0021 0.0005 0.0001  0.0000

n=19 v=0 06302 03874 02316 01342 00751 00404 00207 00101 00046 00020 2| 08245 DETEY 04M4% 02061 00913 00355 00121 0003 00009 0.0002
109288 07748 0.5995 04362 03003 01960 01211 0.0705 00385 0.0195 5| (|02 TR0, 85700 80,02 FTER QLA LI RNN 2232 SR 01O FIRN0, DA RR0.01 SORR0. 00428800013
2| 09916 09470 DBSII 07182 06007 04628 03173 02318 0.1495 (0898 409974 09568 08298 06296 04145 02375 01182 0.0510 00189  0.0059
3005994 09917 08651 05144 0833 07297 608 04836 DG4 0253 5| 09997 D987 00327 08042 06172 04164 02454 01255 00553 0.0207
4 L0000 09991 0.9944 09504 09511 09012 05383 07334 06214 0.5000 6| LOOKD 09976 09781 09133 07858 06080 04166 02500 01209 00577
510000 09999 09994 00960 09900 09747 00464 09006 (.RMI 07461 7| L0000 09996 00941 09679 08982 0.7723 06010 04159 02520 01316
6l 1.0000 10000 10000 09997 C5987 00957 09888 0970 09502 09102 B LOON0 09999 09957 09900 09591 08867 07624 05955 04143 02517
70 10000 L0000 10000 10000 0.9990 00936 00986 00962 09909 0.9805 9| L0000 L0000 09998 09974 09861 09520 08782 07553 05914 04119
L0000 10000 10000 LOKG  LOOOD 10000 0099 09997 09992 (.9950 10 L0000 10000 10000 0.9994 09961 0.9829 09468 0.8725 0.7507 05881

= 10N -0 05987 03487 00969 01074 00563 00282 00135 00060 00025 0.0010 111 1.0000 10000 1.0000 09999 09991 0.9949 09804 09435 08692 0.7483
109139 07361 D543 03755 02440 D143 00860 00464 00233 00107 :i :':ﬁ[u:: 1:’]333 Il'lw[:z :'::J]f:i ?3:(3' ﬂig ﬁjﬁ 33:20 33‘;;: ﬂsj’:’:
2 D9EES 09298 DE0I 06778 05256 03828 02616 01673 00996  0.0547 s e i et i s 0'99‘; il e
o |Gt WEh D WD (k) RS GHE] @ iy (D 15| 10000 10000 10000 10000 1000 10000 10000 09997 09985 09941
4 09999 0998 DSUDI 09672 09219 08497 07515 06331 D54 0ITT0 . ! : ! ! : ’ ) . :

09051 0.8338 07384 0.6230 16 LOOD0 10000 LOODE  LODGO  LOGD0  LOGOO  1ODOD  LOGOD  0.9997  0,9987
T L0000 LODOD  LODOG  LODB)  LOG0 LOO0D  LODOD  LOGOD L0000 09098
18] 10000 10000 LOODG  LOOBO 10000 LOOGNO  1O00D  LOGOD 10000 1.0000

(000 0.999% 0.9986 09936 0.9803

00 L0000 05999 09991 059965 9740 DB452 DEIED O.R2R1
D00 L0000 1.0000 09999 0.9996 09952 09877 09726 09453
B LO0DO 10000 L0000 LOGOD  LODDO 09999 09995 09983 09955 (.9893
9 L0000 10000 10000 L0600 L0000 10000 10000 059999 09997 09990

204 205
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- 0.0000

0.0005
0.0036
0.0160
0.0510
0.1256

0.2500
0.4159
0.5956
0.7553
0.8725

0.9435
0.9790
0.9935
0.9984
0.9997

1.0000
1.0000

1.0000

=
Il
12
=
)
Il
=

The random variable X~B(20,0.4). Find:

P(X<7)=
P(X<6)=
P(X =15) =

o0 =1 On L B L b —

e RN

— ke
L = N T O

_— —
e =

—
o0
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Given that X~B(25,0.25)
P(X=6)=

P(X > 20) =
P(6 <X <10)

p

Il
OO0 =1 O Lh o4 Wl bao— |l

—_—
= WD

S S S —
LI I S S

Id = = = =
O WD 00 =] O

o
[wd  —

0.0962
0.2137
0.3783

0.5611
0.7265
0.8506
0.9287
0.9703

0.9893
0.9966
0.9991
0.9998
1.0000

1.0000
1.0000
1.0000
1.0000
1.0000

1.0000
1.0000
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Quickfire Questions

Write the following in terms of cumulative probabilities, e.g. P(X < 7) = P(X < 6)

pox <5 - IETED reto . = 20 - I
P(X27) = pax = 100 =
P(X>7) = P(20 < X < 30) .

“at least 30" = AN
P10 < x < 20) - R
“greater than 30” =
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Your turn...

Worksheet

l.

A multiple choice test consists of ten questions each of which has five possible answers. A
particular student decides to select her answers at random. Find the probability of obtaining
(1) only one correct answer

(11) exactly five correct answers

(11) fewer than three correct answers

(1v) at least two correct answers.

In an experiment, a biased coin 1s thrown ten times. If the probability of obtaining a head on

any throw 1s 0.4, find the probability of obtaining
(1) fewer than five heads
(11) exactly five heads

(111) more than three heads.
(1v) If the above experiment 1s performed seven times, what 1s the probability that exactly

five heads are obtained on exactly two occasions?

A box contains a large number of bulbs. 20% of the bulbs are white, the rest are red. Bulbs

are selected at random.
How many bulbs must be selected so that the probability that there 1s at least one white bulb

1s greater than (.957
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e  Worksheet

4. Using recent data provided by the low-cost airline Sleezyjet, the probability that a passenger
loses his suitcase on a flight 1s estimated to be 0.15.
Each week | make six different flights with Sleezyjet.
(1) In a particular week, find the probability that
(a) Tarmve with my suitcase on all fhghts,
(b) Ilose my suitcase exactly once,
(¢) Ilose my suitcase more than once,
(d) Ilose my suitcase exactly three times.
(1) If Ifly for four weeks with six flights each week, what 1s the probability that [ ammve
with my suitcase on all flights for three weeks out of the four?

5. Past records show that a particular basketball player scores on 35% of her free shots. In

practice the player takes sets of 10 free shots.

(1) Comment on the suitability of using the binomial distribution for modelling the number
of times she will score from a set of 10 free shots.

(11) Assuming that the binomial distribution 1s appropnate, find the probability that she will
score fewer than four times 1n a set of 10 free shots.

(111) One day the player takes five sets of 10 free shots. Find the probability that she scores
fewer than four times 1n exactly three of the sets.
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1. Let X be the number of correct answers, so X ~ B(10, 0.2)
i PX=10=,Cx 0.2'x0.8° =0.2684 (4 s.f)
(i) P(X=5)=,,C, x0.2°x0.8° =0.02642 (4 s.f)
(i) P(X<3)=P(X<2)=0.6778 (4 s.f)
(iv) P(X=22)=1-P(X<1)=1-0.3758 =0.6242 (4 s.f.)

2. Let X be the number of heads obtained, so X ~ B(10, 0.4)
(i) P(X<5)=P(X<4)=0.6331(4sf)
(i) P(X=5)=,,C xO0. 4°x0.6° =0.2007 (4 s.f)
(i) P(X>3)=1-P(X<3)=1-0.3823=0.6177 (4 s.f.)
(iv) LetY be the number of occasions on which exactly 5 heads are obtained,
soY ~ B(7, 0.2007)

P(Y =2) = ,C, x0.2007> x0.7993° =0.276 (3 s.f)

3. Let X be the number of white bulbs.
X ~ B(n, 0.2)
P(X>1) > 0.95
1-P(X=0)>0.95
P(X =0) < 0.05
0.8" <0.05
0.8"” =0.055 and 0.8 =0.044
The least number of bulbs that must be selected is 14.



4,

(i) X~ B(6,0.15)
(@) P(X=0)=085"=0377 (3sf)

(b) P(X=1) =6x0.15x(0.85)° =0.399 (3 s.)

(0 PX>1)=1-PX<1)
=1-0.776

=0.224 (3 sf)

(d) PX=3)=,C(0.157(0.85)’
_ 6x5x4

0.15)3(0.85)° =0.0415 (3 s.f.
1><2><3( )"(0.85) ( )

(i) Let Y be the number of weeks in which | arrive with my suitcase on all
flights.
Y ~ B(4, 0.85%)
P(Y = 3) =4x(0.85°) x(1-0.85°) =0.134

(i) Could be argued either way — either that it is reasonable to assume that the
each trial

is independent and the probability of success is constant, or that it is not
reasonable

as the outcome of each trial could affect the next (improving with practice, or
loss of

confidence).

(i) Let X be the number of scores in 10 free shots, so X ~ B(10, 0.35)
P(X <4)=P(X <3)=0.5138 (4 s.f)

(iii) Let Y be the number of times that she scores fewer than 4 times in a set,
soY ~ B(5, 0.5138)

P(Y =3)=.C,x0.5138° x0.4862° =0.321 (3 s.f)



;gg;\;‘?g Any questions?

SENIOR SCHOOL
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